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MIMO Channels?

• Another talk on MIMO channels?

• Boring ...

• MIMO has been an active research topic for the last decade (1998

- 2008).

• We have seen zillions of papers on space-time coding, on linear

precoding, channel estimation, blind techniques, sphere decoding,

SDP relaxation for ML decoding, etc.

• Today we are going to see my own personal perspective based on

convex optimization theory and majorization theory.
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MIMO Channels

H

n

ys
nT

nR x nT

nRnR

• Signal model:
y = Hs + n

• Examples: wireless multi-antenna systems, wireline (DSL) systems,

CDMA systems, etc.

Daniel P. Palomar 3



CSI?

• Channel State Information strongly determines the transmission

techniques we can use.

• One extreme: no CSI −→ space-time coding

• Another extreme: full CSI −→ adaptive precoding/transceiver

• Reality: somewhere in between: space-time coding with knowl-

edge of the channel statistics (mean and covariance) or precoding

techniques robust to channel uncertainty.

• We will focus on one particular case: full CSI.
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Multiuser Systems?

• Real systems are composed of many nodes. Classical examples:

the MAC: many transmitters to one receiver

the BC: one transmitter to many receivers

the IC: many to many

• Before we can understand such systems, we need to deal with

the simplest case: the single-user channel (AKA point-to-point

channel).

• We will focus on the simplest point-to-point signal model as it is

already interesting and difficult enough:

y = Hs + n
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Let’s Design Our System

• How can we design our system?

• Two fundamentally different perspectives: IT versus SP.

• IT perspective:

fundamental limit with no complexity issues, assuming a

looooong transmission block

performance measure: capacity

• SP perspective:

pragmatic approach with some practical constellation/coding

scheme

performance measures: MSE, SINR, BER.
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MIMO System Design: IT Perspective (I)

• Problem formulation: find the capacity of the channel (maximiza-

tion of mutual information)

maximize
Ps(s)

I (s;Hs + n)

subject to E

[
‖s‖2

]
≤ PT

where the noise is assumed to be Gaussian distributed.

• The solution to this problem is well known: optimum distribution

is Gaussian with covariance matrix Rs.

• The optimum value is then log det
(
I + R−1

n HRsH
†) .
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MIMO System Design: IT Perspective (II)

• Now we still need to optimize the covariance matrix:

maximize
Rs≥0

log det
(
I + R−1

n HRsH
†)

subject to Tr
(
Rs

)
≤ PT

• This is an easy problem because it is convex!

• The solution is a waterfilling over the channel eigenmodes:

Rs = UH

(
µI − Λ−1

H

)+
U

†
H

where UH and ΛH contain the eigenvectors and eigenvalues of the

squared channel H†R−1
n H.
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MIMO System Design: IT Perspective (III)

• So it seems that the IT perspective is quite simple:

formulating the problem was easy (maxim. mutual information)

finding the solution was easy (convex problem).

• Is the IT approach really that simple? Of course, the practical

implementation is involved (infinitely long Gaussian codes).

• But even ignoring the implementation of the solution ... Is the IT

approach really that simple?

• We will come back to this issue at the end of the talk.

• Let’s focus now on the SP perspective... let’s start by formulating

the problem... ummhhh...
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Linear MIMO Transceiver Design: SP Perspective

nT × L

x̂

n

x

L

ys

LnT nR

nR × nT L × nT

nT

P H W†

• Signal model:

Data: x (L symbols from some given constellations)

Linear transmitter or Precoder: P

Transmitted signal: s = Px

Power used: PT = Tr(PP†)

Linear receiver: W

Estimated signal: x̂ = W†y
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Problem Formulation?

• MIMO transmission contains L simultaneous substreams:

xi −→ x̂i

• It is not clear how to formulate the design problem for two reasons:

performance of each substream can be measured in different ways

(MSE, SINR, BER)

there is a tradeoff among the performance of different substreams.

• What should we do?

minimize the sum of the MSEs? Or the maximum of the MSEs?

maximize the sum of the SINRs? Or the product?

minimize the average of the BERs? Or the worst BER?
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History on Linear MIMO Transceiver Design

• In literature, different problem formulations:

Minimization of the sum of MSEs: [Lee-Petersen’76],

[Amitay-Salz’84], [Salz’85], [Yang-Roy’94], [Scaglione-Giannakis-

Barbarossa’99], [Sampath-Stoica-Paulraj’01].

Other criteria: [Scag-Giann-Barb’99], [Scag-Stoica-Barb-Gian-

Sampath’02], [Onggo-Sayeed-VanVeen’03], [Ding-Davidson-Luo-

Wong’03].

Unified framework based on majorization theory: [Palomar-Cioffi-

Lagunas’03], [Palomar-PhD’03], [Palomar-Lagunas-Cioffi’04],

[Palomar-Bengtsson-Ottersten’05], [Palomar’05], [Palomar-

Barbarossa’05], [Palomar-Yi’07].

Daniel P. Palomar 12



Problem Formulation: Linear Case (I)

• Scalar MSE:

MSEi , E[ |x̂i − xi|2] for i = 1, · · · , L

• MSE matrix:

E , E[ (x̂ − x) (x̂ − x)
†
]

=
(
W†HP − I

) (
P†H†W − I

)
+ W†RnW

• MSE of the L substreams:

MSEi = [E]ii for i = 1, · · · , L
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Problem Formulation: Linear Case (II)

• General problem formulation:

minimize
P,W

f0

(
{MSEi}L

i=1

)

subject to Tr
(
PP†) ≤ PT

where f0 is an arbitrary (nondecreasing) cost function.

• The problem is nonconvex in (P,W).

• However, it is convex in W for a fixed P.
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Problem Formulation: Linear Case (III)

• The optimum linear receiver is the Wiener filter:

W =
(
HPP†H† + Rn

)−1
HP

• The MSE matrix becomes

E =
(
I + P†RHP

)−1

where RH , H†R
−1
n H.
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Problem Formulation: Linear Case (IV)

• The problem becomes:

minimize
ξ,P

f0 (ξ)

subject to ξ = d
((

I + P†RHP
)−1

)

Tr
(
PP†) ≤ PT

which is still nonconvex and quite complicated.

• BTW, what about cost functions of the SINRs and BERs?

We can always rewrite them as equivalent functions of the MSEs.
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Linear MIMO Transceiver: Step 1

• Let the SVD of the precoder be: P = UΣΩ†.

• Let the EVD of the squared channel be: RH = VHΛHV
†
H.

• Classical suboptimal solution (SVD transmission): P = VHΣ.

• Lemma: The optimal transmit directions are matched to the

channel:
U = VH.

• Then
(
I + P†RHP

)−1
= Ω

(
I + Σ†ΛHΣ

)−1
Ω†.
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Linear MIMO Transceiver: Step 2

• The problem becomes

minimize
ξ,Ω,Σ

f0 (ξ)

subject to ξ = d
(
Ω

(
I + Σ†ΛHΣ

)−1
Ω†

)

Tr
(
ΣΣ†) ≤ PT .

• At this point we need to resort to majorization theory.

• Majorization theory will allow us to optimize a whole matrix by just

optimizing two vectors (eigenvalues and diagonal elements).
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Interlude: Majorization Theory (I)

• Majorization makes precise the vague notion that the components

of a vector x are “less spread out” or “more nearly equal” than the

components of a vector y [Marshall-Olkin’79].

• We say y majorizes x,
x ≺ y,

if y is more spread out than x (x is more uniform than y).

• Example:
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Interlude: Majorization Theory (II)

• Key relationship between the diagonal elements and the eigenvalues

of a positive semidefinite matrix:

1arith ≺ d
(
ΩMΩ†

)
≺ λ (M)

where 1arith contains identical elements equal to the arithmetic

mean of the eigenvalues of M.

• The previous condition is necessary (holds for any Ω), but also the

achievability is true (each point can be achieved by some Ω).
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Linear MIMO Transceiver: Step 2

• We can now replace

ξ = d
(
Ω

(
I + Σ†ΛHΣ

)−1
Ω†

)

by
ξ ≺ λ

((
I + Σ†ΛHΣ

)−1
)

.

• More explicitly as

(ξ1, · · · , ξL) ≺
(

1

1 + p1λH,1
, · · · ,

1

1 + pLλH,L

)

where pi = σ2
i denotes the power allocation.
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Linear MIMO Transceiver: Step 3

• We can now rewrite the problem as

minimize
ξ,p

f0 (ξ)

subject to (ξ1, · · · , ξL) ≺
(

1
1+p1λH,1

, · · · , 1
1+pLλH,L

)

1Tp ≤ PT , p ≥ 0.

• The majorization constraint is not convex but can be made convex

with a trick.

• Observe that the previous simplified problem holds for any objective

function f0 !
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Schur-Convex/Concave Functions (I)

• For Schur-convex/concave functions, the problem simplifies even

further!

• Most functions are either Schur-convex or Schur-concave.

• Problems corresponding to Schur-convex functions:

minimization of the maximum of MSEs

minimization of the p-norm of MSEs (with p ≥ 1)

maximization of the harmonic mean of SINRs

maximization of the minimum of SINRs

minimization of the average BER (with equal constellations)

minimization of the maximum of BERs.
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Schur-Convex/Concave Functions (II)

• Problems corresponding to Schur-concave functions:

minimization of the (weighted) sum of MSEs

minimization of the (exponentially weighted) product of MSEs

minimization of the determinant of E

maximization of the mutual information

maximization of the (weighted) sum of SINRs

maximization of the (exponentially weighted) product of SINRs.

• Problems where f0 is neither Schur-convex nor Schur-concave:

minimization of the average BER with different constellations.
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Algorithm for Linear MIMO Transceiver

1. Solve simplified problem to obtain the MSEs ξ and the power

allocation p. Define Σ = diag
(√

p
)
.

2. Find the rotation Ω to satisfy: ξ = d
(
Ω

(
I + Σ†ΛHΣ

)−1
Ω†

)
.

3. Form the optimal precoder as P = VHΣΩ†.

4. Form the optimal receiver as W =
(
HPP†H† + Rn

)−1
HP.
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Now What?

• We have completely solved the problem in the linear case.

• Can we do better?

• We do not want a complex receiver ... we could use a DF receiver.

• Can we extend this unified framework based on majorization theory?

• It took three years for three different groups to effectively extend

the theory to the DF case.
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DF MIMO Transceiver Design: SP Perspective
decision feedback equalizer

nT × L nR × nT

L

x̃
Q[·]H

B

x̂y
P

L nR nR

L × nR

L

x

n

+

W†
nR −

• Signal model (also dual version using DPC):

Backward matrix B (strictly upper triangular)

Estimated signal: x̂ = W†y −Bx̃

• MSE matrix:

E , E[ (x̂ − x) (x̂ − x)
†
]

≃
(
W†HP − (I + B)

) (
P†H†W −

(
I + B†))

+ W†RnW
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History on DF MIMO Transceiver Design

• In literature, different problem formulations:

Minimization of the determinant of the MSE matrix: [Berger-

Tufts’67], [Salz’73], [Kavehrad-Salz’85], [Yang-Roy’IT94].

Other criteria and new decomposition: [Jiang-Hager-Li’05],

[Zhang-Kavcic-Wong’05], [Xu-Davidson-Zhang-Wong’06], [Jiang-

Hager-Li’06], [Jiang-Hager-Li’07].

Unified framework based on majorization theory: [Jiang-

Hager-Li’06], [Jiang-Hager-Li’07], [Palomar-Jiang’06], [Jiang-

Palomar-Varanasi’07], [Jiang-Varanasi-Palomar’07], [Shenouda-

Davidson’07], [D’Amico’07].
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Problem Formulation: DF Case (I)

• General problem formulation:

minimize
P,W,B

f0

(
{MSEi}L

i=1

)

subject to Tr
(
PP†) ≤ PT

• The problem is nonconvex in (P,W,B).

• However, it is convex in W for fixed P and B, and B is easily

derived:

W =
(
HPP†H† + Rn

)−1
HP (I + B)

B = U
(
W†HP

)
.
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Problem Formulation: DF Case (II)

• The problem becomes:

minimize
ξ,P,Q,R

f0 (ξ)

subject to ξ = d−2 (R)[
HP

I

]
= QR

Tr
(
PP†) ≤ PT

which is still nonconvex and quite complicated.
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Interlude: Multiplicative Majorization Theory

• The multiplicative majorization relationship is like the standard ad-

ditive majorization but replacing the partial summations by partial

products:
x ≺× y.

• Key relationship between the diagonal elements of the R matrix

in the QR decomposition of MΩ†, denoted by r
(
MΩ†

)
, and the

singular values:

1geom ≺×

∣∣∣r
(
MΩ†

)∣∣∣ ≺× σ (M)

where 1geom contains identical elements equal to the geometric

mean of the singular values of M.
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DF MIMO Transceiver

• We can now rewrite the problem as

minimize
ξ,p,r

f0 (ξ)

subject to ξ = |r|−2

(
|r1|2 , · · · , |rL|2

)
≺× (1 + p1λH,1, · · · , 1 + pLλH,L)

1Tp ≤ PT , p ≥ 0.

• The multiplicative majorization relation can be transformed into an

additive one by the change of variable ri = log |ri|2 :

(r1, · · · , rL) ≺ (log (1 + p1λH,1) , · · · , log (1 + pLλH,L))

which can be rewritten as a convex constraint.
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Main Result - SP Perspective

• Linear case:

min
ξ,p

f0 (ξ)

s.t. (ξ1, · · · , ξL) ≺
(

1
1+p1λH,1

, · · · , 1
1+pLλH,L

)

1Tp ≤ PT , p ≥ 0.

• DF case:

min
r,p

f0 (exp (−r))

s.t. (r1, · · · , rL) ≺ (log (1 + p1λH,1) , · · · , log (1 + pLλH,L))

1Tp ≤ PT , p ≥ 0.

• For Schur-concave/convex functions, they simplify even further!
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MIMO System Design: IT Perspective Revisited

• As we saw before, the maximization of mutual information with

unconstrained signaling is easy as it results into

optimal Gaussian signaling, and then

a simple convex problem with a waterfilling solution.

• However, if the signaling is constrained (e.g., due to a particu-

lar choice of signal constellation), the optimization of the linear

precoder is still an open problem:

maximize
P

I (x;HPx + n)

subject to Tr
(
PP†) ≤ PT .

• It has been solved for the diagonal case [Lozano-Tulino-Verdu’06].
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MIMO System Design: SP Perspective Revisited

• As we have previously seen, the SP approach to MIMO transceiver

design is hard.

• Fortunately, via majorization theory, the design problem becomes

convex and easily solvable for the linear and DF cases.

• However, if we now consider a joint ML decoding at the receiver,

the design is still an open problem:

minimize
P

Pe (P)

subject to Tr
(
PP†) ≤ PT .

• Note: the maximization of the minimum distance is also an open

problem.
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Summary: Hard and Easy Problems

• Can we conclude that IT is easier or harder than SP?

• There is no clear answer.

• The devil is in the details: the difficulty depends on the specific

constraints of the formulation

IT can be easy (with Gaussian signaling) or hard (with a given

non-Gaussian signaling)

SP can be easy (via majorization theory) or hard (with ML

decoding).
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Extensions

• We have considered a very specific set up: point-to-point MIMO

communication systems with full CSI.

• The possible extensions are endless:

exhaustively explore different degrees of CSI to make systems

robust to uncertainties

different multiuser setups

consider other performance measures such as delay, including

queues in the model

consider cross-layer designs

exploration of different degrees of cooperation in the multiuser

setup (e.g., via game theory)

etc.
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End of Talk

Thank you !!

• For more information visit:

http://www.ece.ust.hk/˜palomar
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